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feedback scheme proposed by Preumont et al.* and has been shown
to be L, stable for an arbitrary number of active struts.?

Kanestrpm and Egeland® provided an experimental investiga-
tion of impedance-adjusted active struts. A purely real impedance
realization showed significantly better vibration attenuation than
a parallel spring-mass-dashpot configuration, even if this could
be tuned to provide better magnitude match with the structural
impedance for frequencies adjacent to the resonant frequency. This
dynamic impedance could however only be tuned to one resonance,
and the other resonances were not affected. The real impedance,
however, resulted in attenuation of all the resonances that were
observed by the active strut. These results support our proposed
approach.

Force Feedback Versus Bride Feedback

Now consider the bridge controller? given by d(s) = —C(s)
[Z'(s) f (s) — v(s)], where Z’(s) is the mechanical impedance to be
realized by the active strut and C (s) is the compensator. Combining
this equation with Eq. (1) gives

_vls) 145C(s)Z'(s)/ Zo(s)
Z(s) = o Zy(s) [15C0)

If |C(s)| is sufficiently large, Eq. (4) can be approximated by
Z(s) ~ Z'(s). The advantage of this technique is that for large | C (s)]
the resulting impedance is independently of the inherent impedance
Zy(s) of the strut. This gives insensitivity to parameter uncer-
tainty in Zy(s). The bridge feedback solution has the advantage
of having a high in the feedback controller even if the specified
impedance to be realized is small in magnitude, so that disturbances
and imperfections in the actuator will be attenuated. However, it
was reported by Chen and Lurie? that the required magnitude of
C(s) was not achieved, and hence there were problems in realizing
Z(s) = Z'(s).

In our scheme we arrive at v(s) = [Zo(s) + sG(s)] f(s). Here,
Zy(s) appears in the resulting impedance Z(s) = Zy(s) + sG(s)
of the strut. This it not a problem since Zy(s) is the inherent me-
chanical spring impedance of the open-loop strut and will hence not
destabilize the system. As long as the impedance component sG(s)
in series with Zy(s) is strictly passive with finite gain, L, stability
is ensured regardless of the parameter in Zy(s).>® The controller
G (s) that realizes the impedance Z(s) = Zo(s) +sG(s) = Z'(s) is
given by G(s) = [Z'(s) — Zo(s)]/s = Z'(s)/s — 1/K,. The inher-
ent axial stiffness K, is assumed to be large such that K, > 1. The
controller is hence dominated by the first term and may be written
G(s) = Z'(s)/s and equivalently Z(s) =~ Z'(s). Hence, there will
be no problems in realizing a real impedance. For the flexible struc-
ture the required impedance is so high that it in fact is unattainabie
and sG(s) has to be tuned to the maximum value that gives sta-
bility in the presence of measurement noise and discretization and
sampling effects. There will hence be a high gain in the feedback
controller, and the required disturbance attenuation is obtained. A
great advantage with the force feedback approach is that it requires
only one requirement and avoids the use of differentiation in the
control scheme.

“

Conclusions

Active struts are shown to provide best vibration suppression
when the closed-loop strut impedance is made real and with high
magnitude. In particular, the performance does not depend on
knowledge of the structure’s natural frequencies. The ability to sup-
press a specific resonance depends on where the strut is located in
the structure and the limit on the controller gain. One strut absorbs
power due to all the resonances that are observable at its location.
The only uncertainty is the structural damping, which infiuences
the height of the resonant peaks and hence defines the magnitude of
the best controller gain. The magnitude of the structural impedance
is supposed to be large at the resonant frequencies. Probably, the
active strut hardware will restrict the impedance magnitude of the
strut. The tuning procedure will hence be to choose the highest
impedance that does not destabilize the system in the presence of
measurement noise and phase lags due to a digital implementation
of the controller.

A purely real, positive active strut impedance corresponds to the
insertion of a dashpoint in series with the open-loop passive strut.
This is realized using an integral force feedback scheme. The scheme
is L, stable for an arbitrary number of active struts and is attractive
since it avoids the use of differentiation.
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Two Misconceptions
in the Theory of Inertial
Navigation Systems

Itzhack Y. Bar-Itzhack™
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Haifa 32000, Israel

I. Introduction

HE purpose of this Note is to point out prevailing wrong expla-
nations of two basic facts in the operation of inertial navigation
systems (INSs) and provide the correct explanation for them.

II. Gyrocompassing

A. Misconception
Principle of Operation

For simplicity let us consider the gyrocompassing process of a
stable platform INS. Denote Earth rate by € and latitude by A;
then it is well known that Qy, the local north component of Earth
rate at a point on Earth whose latitude angle is A, is given by
Qy = Qcosi. Due to azimuth misalignment, the platform north
and east coordinate axes, N, and E,, respectively (see Fig. 1), are
rotated by the azimuth misalignment angle v, with respect to N
and E, the reference, local level local north (LLLN) coordinate sys-
tem. The projection of Qy on the platform coordinate axes yields
the component —Qy sin ¥p along the E, axis that, for a small ¢p,
becomes —QyV¥p. The east platform gyroscope, which measures
rates along the E, axis, measures the component —Qy ¢p, which is
treated as a platform drift error and is fed into the platform control
system. The latter, in an attempt to cancel the unwanted drift, torques
the platform in an opposite direction and thus causes the platform
to drift about its east axis by the rate Qyyrp. To this drift we add
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Fig.1 Coordinate axes during gyrocompassing.

the platform drift due to the east gyroscope own drift rate £¢. Since
the platform is already level, the down component of Earth rate has
no projection on the E, axis. Consequently, the total platform drift
about its east axis E,, is

Vg = Qv¥p +6x 4Y)

As a result, ¥¢ starts building up, which brings the north plat-
form axis N, up from its level position and causes the north platform
accelerometer to read a projection of the gravity vector g. This pro-
jected quantity of g is interpreted by the INS as an acceleration ay
along the LLLN north axis; that is, ay = g¥g. In the process of
computing the nominal north velocity component, ay is integrated
by the INS computer and yields the erroneous north velocity com-
ponent vy. In other words, Uy = ay and therefore vy = gyg.
Since, as seen from Eq. (1) and the latter equation, vy is indicative
of the azimuth misalignment angle ¥p, in old INS, vy was fed into
a control loop that torqued the platform about its down axis in order
to eliminate ¥ p. Nowadays, vy is fed into an extended Kalman filter
in order to estimate vp and then remove it.

Lower Limit

The gyrocompassing process has a lower limit that is a function
of the east gyroscope drift rate . Indeed, gyrocompassing comes
to a halt when vy, the indicator of the existence of v p, is driven
down to zero. Obviously, a necessary condition for vy to stay zero
is Uy = 0. This happens only if

0=QnV¥p +eg @)

which yields the lower limit on ¥p:

leel _ leel
QN €2 cos A

IWD,minl = (3)

This is the well-known lower limit of the gyrocompassing process.

Discussion

The preceding explanation yields the correct results obtained
when the gyrocompassing process takes place. However, there are
two instances where the fallacy of the preceding explanation is en-
countered. First, when we use it to consider the inertial rotation of
the platform about its north axis N, and, second, when a monitor
gyroscope (MG) is used in order to calibrate the platform north and
east gyroscopes. Let us focus our attention on the latter.

An MG is used to evaluate the drift of the gyroscope it monitors.
During the evaluation process, the MG is set to read the input sig-
nal of the monitored gyroscope. When measuring or evaluating
the expected measurement of the MG while it is set to moni-
tor the east platform gyroscope, one realizes that the nominal,
error-free measurement, of the monitor gyroscope is zero and not
—Qn¥p. This, of course, contradicts the underlying assumption
of the preceding explanation that the east gyroscope measures the

quantity —Qyv¥p.

B. Correct Explanation: Principle of Operation

Indeed, as described before, for small yp the projection of Q on
the platform coordinate axes yields the component —Qy v, along
the E,, axis. However, the platform east gyroscope, which measures
rates along the E, axis, does not measure the component —Qu¥p
and the latter is not treated as a platform drift error and thus it is not
fed into the platform control system. Therefore the control system
does not torque the platform in an opposite direction in an attempt
to cancel this component. On the contrary, the component —Qy ¥ p
is the rate by which Earth turns about E/, and, therefore, is also the
rate by which the platform has to be torqued about E, in order to
follow the rotation of Earth with respect to inertial space and thereby
stay level with respect to Earth. Since the platform is not torqued
by this rate, Earth is moving away from the platform in an opposite
direction to —Qy¥p. Therefore the N, axis retreats from the earth
surface by the rate Qyv¥p about the E, axis. Therefore although
the preceding explanation resulted in the correct effect, the reason
given to it was wrong.

The east gyroscope own drift rate, £, does indeed force the plat-
form to drift with respect to inertial space as well as to the Earth
surface by the rate ez. (Note that the platform drift rate is oppo-
site to the gyroscope drift that causes it. However, in stable plat-
forms it is customary to denote the platform drift by the symbol
assigned to the drift of the gyroscope that causes it.> The difference
between the two is just a sign difference.) The net rate of change
of Y is Qny¥p + g, which gives rise to Eq. (1) and therefore to
Eq. (3), which is indeed the well-known lower limit of the gyrocom-
passing process.

We realize that the latter explanation is the correct one since ai-
though explaining the well-known phenomena that take place during
the gyrocompassing process, it also explains correctly the readings
obtained when using an MG for monitoring the horizontal gyroscope
readings.

III. Schuler Oscillations

A. Misconception

Figure 2 presents the geometry used in one of the popular, easy-
to-understand explanations? of the generation of the famous Schuler
oscillation characteristic of INS. For the sake of the explanation, it
is assumed that the INS is of the stable platform kind. We assume
that the INS traverses on the equator. We start the explanation by
considering the effect an accelerometer bias has on the INS error
propagation; therefore, we assume that the only error source in the
system is éa, the bias of the accelerometer that points along the
trajectory. The INS starts its traverse at point P,. After a certain
time, the INS reaches point P,; however, due to the existence of
da, the INS computer computes the INS location to be at P,. Since
the INS computer torques the platform to be level at the computed
position, the platform is tangent to Earth at point P,. But the platform
is truly at point P,; therefore, at point P, the platform is not level.
We denote the platform mislevel angle by §6. Due to this mislevel,
the gravity vector has a component along the accelerometer axis.
The size of this component is g sin 66, which for a small tilt angle can
be approximated by g 88. The specific force f thatthe accelerometer
reads is given therefore by f = a — g §6, where a is the correct
acceleration along the trajectory. The accelerometer reading f; is
the sum of f and the accelerometer bias; that is, f, = f + 8a. Note

o

Fig. 2 Geometric illustration of elements involved in explanation of
generation of Schuler oscillations on spherical Earth.
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that since nominally the platform is supposed to be perpendicuiar to
g, the computer is not programmed to extract a from f. Therefore,
when the traverse starts from rest at P, the computed arc, which we
denote by X, traveled by the INS is given by

XL.=//ﬁdtdt=/ (a+6a—gdf)dedt “

We can separate X, into the true traversed arc X, and the INS-
generated error § X; that is, we can write X, = X, + 8X. Obviously

X,://adtdt ®)
5X=//(8a—g80)dtdt 6)

Differentiation of Eq. (6) twice yields §X = 8a — g 86. It is obvi-
ous from Fig. 2 that 6 = §X/R, where R is the radius of Earth;
consequently

and thus

8X + (g/R)8X = da Q)

Equation (7) is the equation of a harmonic oscillator driven by éa.
The frequency of the oscillationis f = 1/g/R/2n. This oscillation
is known as Schuler oscillations. Its period is 84.6 min.

The previous explanation of the generation of the Schuler oscil-
lation relies on a traverse on a spherical Earth and the fact that the
platform is torqued over the sphere in order to level the platform at
any point on Earth at which the platform is located. This torquing is
sometimes called Schuler tuning. It is said quite often, and indeed,
one gets then the impression that this torquing (Schuler tuning) is
the source of the oscillation. As will be shown next, this is not true.

B. Another Explanation

In order to show that torquing of the platform to be locally level
with respect to the surface of Earth is not the cause of the Schuler
oscillations, we will show that Schuler oscillations exists also in
INSs whose platform is not torqued to be locally level. To meet this
end, we develop next the one-dimensional position error equation
in tangent plane coordinates* that have the quality of not being
torqued to be locally level with respect to the surface of Earth.
Figure 3 presents the geometry governing this case. The origin of
the coordinate system is at point X,. From Fig. 3 it is seen that the
specific force f that the accelerometer reads in the X direction is
f =a+ gtanw, and since tana = X, /R,

f=a+(/RX, ®)
The accelerometer reading contains also the accelerometer bias:
=f+éa=a+ (g/R)X;+éa ®

At a certain time the INS is at point X,; however, due to the ac-
celerometer bias error 8a, the INS computer calculates the INS
position as X,.

The computer is programmed to remove the gravitational com-
ponent from f;; however, since the computer computes X, as X,, it
uses the former to extract the acceleration from f, therefore form
(9), the computed acceleration is

a.=fi —@/RX.=a+ g/RYX;—X)+4 (10)
and since X, = X, + 8X, we can write Eq. (10) as
a.=a—(g/R)X +8a

The computer performs

X, = //(a - %EX—i-Ba) dr dr 1

Xo Xy X

Fig. 3 Geometric illustration of elements involved in explanation of
generation of Schuler oscillations in tangent plane coordinates.

whereas the true position X, is computable as

X,:/fadtdt (12)

From Eqgs. (11) and (12) we obtain

X, =X, +//(—%5X+¢Sa) dr dt (13)

It follows that
5X
5X = f/ (—g? +8a> dede (14)

Differentiating Eq. (14) twice yields the desired result:
8X + (g/R)SX =ba (15)

We realize that Eq. (15) is identical to Eq. (7), and therefore all
that was said about the existence of the Schuler oscillations in the
preceding explanation holds here too.

C. Correct Reason for Schuler Oscillations

As seen from the foregoing explanation, Schuler oscillations oc-
cur also in INSs that are not torqued in order to stay locally level.
Consequently, the torquing of the platform with respect to Earth is
definitely not the reason for Schuler oscillations. What is then the
cause of the oscillations? From the last explanation we observe that
there are two factors that together bring about the Schuler oscilla-
tions. One of them is the fact that accelerometers cannot distinguish
between acceleration and gravity; that is, they measure both (spe-
cific force). Therefore, to perform the navigation computation, we
have to remove the gravity part of the accelerometer reading. How-
ever, gravity is calculated as a function of the computed position.
Therefore the removal of gravity generates a feedback link that is
a necessary condition for the generation of oscillations. We note,
though, that while the removal of the gravity component from the
horizontal channels in a stable platform is entrusted to the platform
control mechanism, which is supposed to keep the platform level
and hence keep the gravity away from the horizontal channels, in
a strapdown INS, as well as in tangent plane mechanization, this
is done computationally. The second factor necessary for the gen-
eration of Schuler oscillations is the gravity field being a central
field; that is, all gravity vectors in a certain neighborhood point to a
common point in space.

IV. Summary

In this Note we have discussed two widely spread misconceptions
in INSs: one concerning gyrocompassing and the other concerning
Schuler oscillations.

First we presented the wrong explanation of the gyrocompassing
process and explained that the fallacy of this explanation is exposed
when analyzing the operation of an MG. We then gave the correct
explanation.

Next we discussed the generation of the Schuler oscillations. We
presented a widespread explanation of the generation of the oscil-
lations from which it could be concluded that the reason for the
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oscillations is the torquing of the INS platform. Using tangent plane
coordinates, it was then shown that the torquing was not the reason.
We then explained that Schuler oscillations stem from two factors
acting together. One is the fact that accelerometers measure specific
force rather than acceleration and therefore the gravity part of the
accelerometer reading needs to be removed, thereby creating a feed-
back loop. The second factor is the gravity field being a central field.
Although the explanations given here utilized stable platforms, the
same can be shown for strapdown INSs.
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I. Introduction

HIS Note addresses the atmospheric flight phase of an aeroas-

sisted orbital transfer maneuver of a spacecraft. The re-entry
mission of such a spacecraft has been studied recently by Roenneke
and Cornwell.! The primary objective is to relate the computation
of optimal trajectories to the controllability properties of the space-
craft. The vehicle is assumed to be controlled by the bank angle and
is to perform a zero orbital plane change with some fixed exit con-
ditions. A performance index is chosen such that the exit velocity
error and the exit wedge angle will be minimized.

Commonly, employed optimization procedures are based on the
iterated shooting method.? Such procedures are known to be highly
sensitive to the initialization of the adjoint vector. Finding an initial
condition of the adjoint vector that ensures the convergence of the
optimization procedure is often problematic. Indeed, the initial ad-
joint vector must be chosen close to the optimum value, which is of
course not known a priori. The goal of this Note is not to contribute to
optimization theory but rather to highlight the controllability aspects
that render the optimization problem ill conditioned. This will en-
able the systematic use of optimization for generating trajectories in
those areas where the optimization problem is well posed. Indeed, in
the higher layers of the atmosphere, the atmospheric density is small
and the spacecraft’s controllability vanishes. Simulations show that
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the optimal-control method is more efficient when applied in the
lower layers of the atmosphere.

The Note is organized as follows. In Sec. II, the equations of
motion of the vehicle are described, and in Sec. III the optimal-
control method is outlined. The controllability analysis is presented
in Sec. IV, and finally, the simulation results are given in Sec. V.

II. Model Equations

The basic equations for orbital transfer are those for deorbit, at-
mospheric flight, boost, and circularization or reorbit. For guidance
purpose, however, we consider only the atmospheric flight portion
of the maneuver. The aerodynamic forces are limited to drag and
lift, and the vehicle is assumed to be axisymmetric. The equations
of motion of the center of mass are given by

F=Vsiny
T = Vcosycos x/(rcosé)

§=Vcosysiny/r

. Lsino Vv .
X =————— — —cCcosycos x tan§ — 2w(siné
mV cosy r
. w'r
— tany cosésin x) — sind cos é cos x €8
Vcosy

. D
V=" — —lisiny + w’r cos 8(siny cos 8
m r?

— cos y sindsin x)

Lcoso v nw
+ | —— == )cosy +2wcosdcos x
mV

y=- r rtv
w’r e
+7coss(cosycoss+smys1n651nx)

where D and L are the drag and lift forces, r is the distance from
the center of Earth, § is the latitude, t is the longitude, V is the
velocity, y is the flight path angle, x is the heading angle, m is
the vehicle’s mass (=1408.6 kg), Cp and C, are the drag and lift
coefficients, o is the bank angle, w is the angular velocity of Earth
(=0.729 10~ rad/s), and p is the gravitational constant of Earth
(=0.3986 10'°* m?/s?). The simulation results presented later use
the 1976 U.S. Standard Atmosphere.

III. Optimal Control

The objective is to bring the spacecraft from a high orbit to a low
orbit using the natural braking action of the atmosphere. Certain
atmospheric exit conditions have to be fulfilled so that the vehicle
reaches the low orbit with a suitable velocity. These conditions con-
sist of a given atmospheric exit velocity and zero exit wedge angle
n. In order to match the final conditions, the following performance
index is minimized:

J = g1(AR)? + g2(AV)* + g3(n)° 2

where g, g2, g3 are positive, Ah represents the final altitude error,
AV is the atmospheric exit velocity error, and 7 is the final wedge
angle.

By using the principle of conservation of energy and angular
momentum at the atmospheric exit and the point of the low orbit,
the relation between the exit velocity (V¢) and the exit flight path
angle (y;) computed in an inertial system is derived. This relation
is expressed by>

172V — V7) = 211, Vi 4+ 72V} cos 7 = 0 ©)

where r, is the radius of atmospheric boundary, V,, is the circular
velocity at r = r,, and r; is the radius of a low orbit to reach in
the next phase of the maneuver. Equation (3) guarantees that, after



